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Abstract — This paper presents the results of an analysis of the finite strain theory that goes to the
next higher-order term than third-order in the strains for cubic crystals. Theoretical expressions for
the effective second-order elastic constants are presented here in terms of the second-, third-, and
fourth-order elastic constants and the Lagrangian strain; these have been derived from the rigorous
stress-strain relationship set by the Murnaghan theory of finite deformation. Since typical ultrasonic
experiments with pressure result in thermodynamically mixed elastic constants, the practical ultrasonic
expressions of the effective elastic constants are presented for a cubic crystal subjected to moderately
high hydrostatic compression. The rigorous relationships between the pressure derivatives of the
effective elastic constants and partial contractions of the higher-order elastic constants are presented
also, and then the primary experimental quantities that are resulting from the usual ultrasonic-pressure
experiments have been identified in terms of the thermodynamically mixed second-, third-, and fourth-

order elastic constants of the crystal.

1. INTRODUCTION

THE FINITE strain theory for a medium of the
cubic symmetry subjected to a finite hydro-
static compression was first developed by
Birch[1]. In this work, Birch had defined the
free-energy of a crystal in terms of a power
series of the energy in the strain components
including terms up to the third-order in the
strains and then derived expressions for the
effective elastic constants of the crystal under
hydrostatic pressure. These expressions
contained the second- and third-order elastic
constants of crystal, and they were shown
to describe the effective elastic properties of
cubic crystals subjected to relatively ‘low’
compression.* For a crystal subjected to
moderately ‘high’ compression, however, the

*The terms ‘low’ and ‘high’ compressions as used here
are meant to imply the following: For a given solid under
hydrostatic pressure, if the change in the second-order
elastic constants with pressure is linear, this pressure
(and up to this pressure) is referred to as relatively ‘low’
pressure. If the change with pressure is nonlinear, the
pressures higher than this pressure are referred to as
relatively ‘high’ pressure. Although it is difficult to make
a sharp boundary between the ‘low’ and ‘high’ pressures,
the pressure in the order of 0-05 B” (where B’ is the
isothermal bulk modulus of solid under the study) for
most solids can be referred to as the relatively low pres-
sure and the pressure in the order of 0-1 B” may be re-
ferred to as the moderately high pressure.
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higher order terms than the third-order in the
strains would play an important role in the
description of crystal elasticity under this
high pressure.

This paper presents the results of our analy-
sis of the finite strain theory that goes to the
next higher order term than the third-order in
the strains for cubic crystals. In the following,
expressions for the effective elastic constants
resulting from the rigorous stress-strain
relationship set by the Murnaghan theory of
finite deformation[2] will be presented and
compared with the earlier work. Since typical
ultrasonic experiments with pressure result
in thermodynamically mixed elastic constants,
the derived expressions of the effective elastic
constants had to be identified according to
their thermodynamic boundary conditions.
This is done in Section 3. In Section 4, we
present the rigorous relation of pressure
derivatives of the effective elastic constants
to partial contractions of the higher-order
elastic constants. And, in Section 5, the present
work is summarized with a brief discussion.

2. THE EFFECTIVE ELASTIC CONSTANTS

Using the usual Cartesian coordinates, we take the
principal axes to coincide with the symmetry axes of an
unstrained cubic crystal. Let us denote the coordinates
of a point p in the crystal before strain by (a,, a,, a;) and
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those in the crystal after a strain by (x;, x,, x3). These
points determine then a displacement vector with compo-
nents (x—a,), (x,—a,), (x;—as;); thus, the components
of the displacements are simply

Uy = Xp— Ay, (r= 172v3) (l)

For this reason, it is convenient to discuss the strain
according to the Lagrangian scheme.

The Lagrangian strain components in Murnaghan's
notation are[2]

_ 49 09X,
e T Noa, oa, ")

2

where the subscripts ranges are 1, 2, 3 and §,; are the
Kronecker deltas. Using the Jacobian J of the deforma-
tion, we can write equation (2) in a compact form as

] =3(J* 1) (2a)

where J* is the transpose of J given by

yeie a(xl’ x2’ xa)
~ d(ay, as, ay)

3)

and /I, is the unit matrix.

Consider a special strain which is composed of a
hydrostatic strain and a subsequent homogeneous strain.
By the homogeneous strain, the point p initially at
(ay, as, as) is brought to the point (x,°% x,° x;°), given by

%' =(1-a)a, (s=1,2,3) @)

thus, every line in the crystal is shortened by the factor
(1—a), where
a=n(n—1). (5

The additional displacements resulting from the homo-
geneous strain are then

=3 Brxd, (r,s=1,2,3) (6)
5
where B, = B,,; thus, B, represent the six homogeneous

strain components and they are infinitesimal quantities.
The final coordinates are then given by

Xr = X"+ Ul (7)
From these, we find that
S (1= (8 Brr)- ®
day

Here, since f3,, are infinitesimal quantities as noted above,
only the first powers of 3, are retained and all others are
neglected. In view of the particular strain defined by
equation (7), the Lagrangian strains become

Thrs = &M + Brs(1+27). O]

The strain energy density ® per unit initial volume is
usually given by a power series of the Lagrangian strains

as
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D=yt P+ttt .. (10)
where ¢; contains thejth order terms of n;; and for a body
with no initial stresses ¢, and ¢, can be set equal to zero.
Thus, ¢, ¢s, and ¢, are:

1
b, = ﬁCka'hmkl

1
and b5 = —Ciirtmn MM Mmn

3! ()

1
b4 = 77 CotmnosMMieMmnNon

where the subscripts ranges are 1, 2, 3 and the Einstein
summation convention for repeated subscripts is assumed.
The rigorous relation of the stresses 7, to the strains

N 1S
1y (S s az
o/ 0ayLoMpl0a,
or in a compact form
D
[Z]= (p%)][—]J*. (12a)
an

Here, p, and p are the crystal densities before and after
a strain, respectively, and the compression ratio is

() =5

and the gradient of ® with respect to 7, is

(13)
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From this relation (12), as was done by
Birch[1], we can set

(14)

T,,=—P8,+T, (15)
where —P is hydrostatic pressure given by
1 0
_p= ___("‘I" ’) (16)
I—a\on,

and T, are expressed in terms of the 8's and
‘a new set’ of elastic constants. This new set
of the elastic constants are the effective
second-order elastic constants under the
hydrostatic pressure and we will denote here-
after to as C,, Cy; and Cy,. Since

Ti = C1iBi1+ Cia(Be2+ B3) (17)
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and

T,= 2C44/312 (18)
after having gone through a long algebra, we
find the expressions for the effective second-
order elastic constants as follows:

Cu= Cu+7)(2cu +25'12+0111+2C112)
+T)2(_%C‘11_2C12+%C111+50112+C'123
+icun + 21112+ Crize + Cr123) (19)

Ci= an+7)(_f'11-c12+2c112+0123)
+7)2(Cn+%C12_%C111_C112
F CruazF Craze +3€1103) (20)

Cu= C44+7)(C11 +2¢1p+ Caqt Craat2¢166)
+’772(_C11 —2c1a—3C4 30111
+3c,,, T Cizst Craat 2C166

+%C1144+C1155+2C1255+C1266)' (21)
Where cu,, ¢ and ¢y, are the second-,
third- and fourth-order elastic constants of
crystal in Voigt’s notation, respectively, and
they are expressed in accordance with the
thermodynamic definition[3].

It may be noted that, in equations (19-21),
the coefficients of the terms in n with the
second- and third-order elastic constants are
the conventional expressions for the effective
elastic constants[l,4-6] and they agree with
those derived initially by Birch[1] when the
third-order elastic constants in Birch’s defini-
tion are converted into those of more general
thermodynamic definition.* However, the
coefficients of the terms in »? in equations (20)
and (21) are at variance with ones given by

*The relations between the c,,, defined by Briigger
(cfry) and those by Birch (cfiiy) are: cffi = 6cfiy, cffz
=2, =l =, i =14clly, and cf§
=4cBis. It is noted that the relation between Birch’s cys4
and Briigger's c¢,;; should be as given in this paper,
provided c,s; term in the expression of the strain energy
is [3Cs6(Mamesmar + Mimsemis) ]. However, if the term in
the expression of the strain energy is [Cyse(mi2m23ma+
M21M32Mi3)] as in Birch’s original paper (e.g. equation 12

of[1]), the relation should be c§%; = 1cfs.
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Ghate[6]. In light of the present analysis, the
writer believes that the minus signs of the
quantities ¢;; and ¢y, found in the n? term of
Ghate’s equation (23) should have been plus
signs. And, as for the expression for C,,,
the quantity (+4c,;44) should be found in the
7? term of Ghate’s equation (24).

3. THE ULTRASONIC EFFECTIVE ELASTIC
CONSTANTS

The expressions of the effective elastic
constants as given by equations (19-21) can
be either the adiabatic or isothermal expres-
sions, and the proper designation of these is
obviously done b9 adding the proper super-
script either ‘s’ or ‘T’ to all the elastic constants.
The acoustic data resulting from the usual
acoustic experiments with pressure are neither
thermodynamically adiabatic nor thermo-
dynamically isothermal quantities, but they
are ‘thermodynamically mixed’ isothermal-
adiabatic quantities[7]. Thus, in this section,
we seek for the expressions of the effective
elastic constants that may be resulting from
the ultrasonic-pressure experiments at high
pressures.

Recalling the usual behaviors of ultrasonic
wave velocities in the medium of a cubic
crystal[8,9], we note that a longitudinal
stiffness ¢;; and shear stiffness ¢, result
directly from measurements of the longitudi-
nal and transverse wave velocities in the [001]
direction of the crystal, respectively. If one
measures a transverse wave velocity in [110]
polarized in the [110] direction, the resulting
stiffness constant is (c¢;; — ¢12)/2. Thus, from
this, one finds immediately the elastic constant
¢y, as a typical procedure. Following exactly
the same procedure as the above but subjected
to hydrostatic pressure, we find the ultrasonic
effective elastic constants of cubic crystals as:

Criutrasonioo = ¢i1 +n(ch +Co" + 3BT)
ket + Cn+4C,

+C"+4C,7+C,"—3B7)  (22)
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C12(ultrasonic) =iyt n ( PO — 3BT)
+n*(—dch + G+ Co" + ity
—3C,T—Cy"+3B7) (23)

C44(u.llrasonic) =Cu+ n (644 4 Ccm + 3BT)
n i b= o e s G
+4C,T+C,T—3BT). (24)

Where BT = (c¢f;+2c¢%,)/3 and the C; are

Co=cint2c1 (25)
Cyp = 2c112+ Cpo3 (26)
Ce=cCruat2c6 (27)
Ca=crnt+2cue (28)
Ce = Crira+ Crize + Crya3 (29)
Cs = Craat2c1s55 (30)
C, = 2¢1255 1 Cr66- 31)

The superscripts ‘s’, ‘T° and ‘m’ designate
thermodynamically adiabatic, thermodynami-
cally isothermal, and thermodynamically
mixed elastic constants, respectively. Since
the C; are related to the pressure derivatives
of the linear elastic constants c,,, these
relationships are to be found.

4.RELATION OF PRESSURE DERIVATIVES OF THE
EFFECTIVE ELASTIC CONSTANTS TO PARTIAL
CONTRACTIONS OF THE HIGHER-ORDER
ELASTIC CONSTANTS

The pressure-dependent second-order
elastic constants are[7, 10]

oy _ A[EU,S,0) e
Ciim( )_ﬁ[—anaanm ]w + PD s
S = const.
LT 32)

where Dijkl = 8,:,8,(,— 8,,8,k— SikSﬂ. V' denotes
the volume of crystal at reference state
characterized by the hydrostatic pressure P,
and 1) is the strain tensor corresponding to an
arbitrarily deformed state characterized by
that pressure P. V° is defined by the relation
(V[V°) = A3, where \ is a factor given by the

coordinates of a material point in two reference
states a; and a§ according to (a;/a3) = \. The
Lagrangian strain tensors corresponding to
these two reference states are m;; and 753, and
they are related by

N%= A7y + €dy

where € = 3(A\*—1). Since from thermodyna-
mics (8/0P)y=—(V/B)(8/dV)y and (aN/dV ), =
3V°, we find by differentiating equation (32)
that

(acfikz) o rf g {azv(V", S, 1) }
aP /r 3BT|_V° 6nﬁ8'nk, yo

§ = const.
7=0

: 1{ d /62U(V°,Ss'7))) } ]+D
Ve Bnmm\ Mo v pe o=

§ = const. § = const.
n=0

(33)

Note that the first term in equation (33) is by
definition the zero-pressure second-order
elastic constants. The second term is, how-
ever, thermodynamically mixed third-order
elastic constants at zero pressure. Thus,
from equation (33), it follows that[7]

dC brkoq =
apP )T= 357| Clikrt Cllimm |+ D (34)

where
1
Chkimm = A-[C Yiktmm T‘Yc{—ﬁciikz

A9 e

v¢ is the Griineisen constant, B is the coeffi-
cient of volume expansion, and 4 is the ratio
of the adiabatic bulk modulus to the isothermal
bulk modulus and it is given by 4 = 1+ TBy,.
The quantities given by equation (35) are the
primary experimental quantities which result
from the usual ultrasonic-pressure experi-
ments at low pressures. For cubic crystals,
equation (35) reduces to:

|
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mn a—
Cliii = i +2¢i,

[3BT< = P) +3B7+ c-;'l] =C,"
(36)

Clligoit = 2¢y2 + oy

[33 ("‘ ”) — 3BT c-;z] =

(37

C"10ii = Clia T 20146
[w (a‘ “) +3B"+ C44] =C™
P /r
(38)

Alternately, the expressions for C,”, C,™
and C." can be obtained directly from the
effective elastic constants given earlier by
taking the pressure derivatives and evaluating
them at zero-pressure. Thus, we find

aC}
C,,"'=—BB7'[1—+-{—3P"} ]—m (36a)
P=0

aCH, .
C,"=—3B" [ 1+{ aP} ] Gz (37a)

6C44} ]
C.m=—3B"|1 —Ca
B[ +{ op ), |7 ow 08

To obtain the relation of the second pres-
sure derivatives of the elastic constants to
partial contractions of the higher-order
elastic constants, we start from equation (34).
By taking the pressure derivatives of (aC§j,
/oP), and arranging the result,

Ch _ 1 [ B" }
( aP? ) = (3BT)2LC""“{‘ “(ai’)

dB"
+ {4 +<6_P )T} I.,]/ lmm+ Cuklmmnn] (39)

where CZmmnn are certain linear combina-
tions of the fourth-order elastic constants and

T 1
@ip)f‘@‘r[c "t 2“] (“40)
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Therefore, solving equation (39) for C%umnns
we find explicitly the followings:

reofis(3)]

Cdm + zcem — (6BT_

_2C rrz+(3B’l‘) (6P2) ‘ =CAm (4])

2Ce'"+3C1123 (631 _ZCbT) I:_
acy: &ci
+ ( a,‘f) ] +ch— 26"+ (331)2< aP‘j) =Cy"
(42)
0Cyy
Cc/m+2C,m"= (6B C 2C°T)[1+(6P> ]
07Cyy
+eu—2C .+ (3B7)* (dP ) Con. (43)

Or, from the effective elastic constants given
by equations (22-24), we find that

CAm — _2Cam+ (6BT_CaT_2Cb7‘)

<[]

62Cs
+ (3B7)? —”} 41
( ) { aP? Jp=o (412)
Cy™= ¢ —2C;"+ (6BT— C,T—2Cy")
W
1+
[+ {5
y2) 9’ Clz}
+ (3B7) { 3P Joms (42a)
Ccm == C44 - 2Ccm + (631‘_ Cal = 2CbT)
<[1+ 5]
oP
*C
v w

Thus, from equations (28-31) and equations
(41-43), we have

Cy" = i 4T+ 2¢ 19+ 2013 (44)
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Cp™ = 2¢12+ 2¢T 12+ 5¢Thas (45)

Cc™ = cyaa+2¢55 + 4Cos5 + 2Co66. (46)

These are the primary experimental quantities
that are resulting from the ultrasonic-pressure
experiments at high pressures.

5. SUMMARY AND CONCLUDING NOTES

Summarizing the foregone sections, the
followings may be stated:

(i). Expressions for the effective elastic
constants of a cubic crystal subjected to
moderately high hydrostatic pressure are
derived from the consideration of the rigorous
stress-strain relation set by Murnaghan’s
theory of finite deformations, and these have
been compared with the earlier work. Dis-
crepancies were found in the expressions of
the effective second-order elastic constants
Cy; and C,,. The expressions as ones presented
here may be derived from the strain-energy
density considerations, and this method may
be used to distinguish the observed discre-
pancies.

(ii). Expressions for the effective second-
order elastic constants are

Cu=Cupy+Cm+Cim?

where C; and Cj; are certain linear combina-
tions of the second- and the higher-order
elastic constants of crystal and 7 is the Lag-
rangian strain which depends upon pressure.
The present expressions are distinguished from
the expressions of Birch[1], Seeger and
Buck[4], and Thurston[5] and others mainly
by the appearance of the C;m* terms in the
expressions of the effective elastic constants
of cubic crystals.

(iii). Ultrasonic effective  second-order
elastic constants at high hydrostatic pressures

D. H. CHUNG

were derived and presented in terms of
thermodynamically mixed higher-order elastic
constants. The rigorous relationships between
the pressure derivatives of the elastic constants
and partial contractions of the higher-order
elastic constants were presented also. And,
then, the primary experimental quantities that
may be resulting from the ultrasonic-pressure
experiments have been identified in a useful
form in terms of the thermodynamically mixed
second-, third-, and fourth-order elastic
constants of the crystal under the study.
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